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COMPATIBILITY BETWEEN NON-KA¨HLER STRUCTURES ON COMPLEX
(NIL)MANIFOLDS
LIVIU ORNEA, ALEXANDRA OTIMAN, AND MIRON STANCIU
Dedicated to Paul Gauduchon for his 75th birthday.
Bon anniversaire!
Abstract. We study the interplay between the following types of special non-Ka¨hler Hermitian
metrics on compact complex manifolds: locally conformally Ka¨hler, k-Gauduchon, balanced and
locally conformally balanced and prove that a locally conformally Ka¨hler compact nilmanifold car-
rying a balanced or a k-Gauduchon metric is necessarily a torus. Combined with the main result in
[FV16], this leads to the fact that a compact complex 2-step nilmanifold endowed with whichever
two of the following types of metrics: balanced, pluriclosed and locally conformally Ka¨hler is a
torus. Moreover, we construct a family of compact nilmanifolds in any dimension carrying both
balanced and locally conformally balanced metrics and finally we show a compact complex nilman-
ifold does not support a left-invariant locally conformally hyperKa¨hler structure.
2010 Mathematics Subject Classification: 32J27, 53C55, 53C30.
Keywords: nilmanifold, complex structure, Hermitian metric, balanced, locally conformally Ka¨hler,
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1. Introduction
The first step towards understanding the non-Ka¨hler world is to study classes of complex man-
ifolds that admit interesting Hermitian metrics which are close to being Ka¨hler from the cohomo-
logical and conformal point of view. One way of doing this is to impose several conditions on the
fundamental form of the metric which generalize the notion of being closed. In this paper we shall
consider the following special Hermitian metrics:
Definition 1.1:
(1) Locally conformally Ka¨hler, widely studied since I. Vaisman’s paper [Vai76]. A Hermitian
metric g is called locally conformally Ka¨hler (lcK) if there exists a covering (Ui)i of the
manifold and smooth functions fi on each Ui such that e
−fig is Ka¨hler. The definition
is conformally invariant and is equivalent to the existence of a closed one-form θ (called
the Lee form such that the fundamental form ω of the metric g satisfies dω = θ ∧ ω. If
θ is exact, the metric is called globally conformally Ka¨hler (gcK), otherwise we shall call
it strictly lcK. If the Lee form is parallel w.r.t. the Levi-Civita connection of g, the lcK
metric is called Vaisman.
(2) Pluriclosed, also referred to in the literature as strongly Ka¨hler with torsion. A Hermitian
metric g is called pluriclosed if its fundamental form ω satisfies ddcω = 0. See e.g. [Bis89].
(3) k-Gauduchon1. A Hermitian metric g is called k-Gauduchon if its fundamental form ω
satisfies ddcωk ∧ ωn−k−1 = 0. They were first introduced in [FWW13] and they gener-
alize the notion of Gauduchon metric, which corresponds precisely to k = n − 1. The
latter exists and is unique in any conformal class on a compact manifold, up to multipli-
cation by positive constants, due to a celebrated result of Gauduchon. Among the special
cases of k-Gauduchon metrics we have pluriclosed (1-Gauduchon) and astheno-Ka¨hler (i.e.
ddcωn−2=0, hence, (n− 2)-Gauduchon).
1Obviously, a special attention should be paid to k = 75.
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(4) Balanced, (or semi-Ka¨hler). A Hermitian metric g is called balanced if its fundamental form
ω satisfies dωn−1 = 0, or equivalently if ω is co-closed. See e.g. M.L. Michelson’s paper
[Mic82].
(5) Locally conformally balanced. A Hermitian metric g is called locally conformally balanced
(lcb) if the Lee form θ of its fundamental form ω is closed. lcK metrics are in particular
examples of lcb.
The definitions above generalize the Ka¨hler condition (dω = 0), and we shall be interested in
these metrics precisely when this is not satisfied. For all these Hermitian metrics examples are
abundant, especially on compact manifolds. In general, there are few (topological) restrictions for
the existence of such metrics. An interesting problem then arises: can these metrics co-exist on
the same manifold? This translates into the following questions:
Question 1.2: Given a complex manifold, is it possible that a Hermitian metric on it belong to two
of the above classes? If the answer is positive, does such a metric have any additional property?
Question 1.3: Given a complex manifold, can it support two different Hermitian metrics belonging
to different classes above?
Only partial answers were given up to now and only for compact manifolds. In chronological
order, the first result of this type concerns Question 1.3 and states the incompatibility between
a Ka¨hler metric and a strictly lcK metric on a compact complex manifold with fixed complex
structure:
Theorem 1.4: ([Vai80, Theorem 2.1]) Let (M,J) be a compact complex manifold admitting a
Ka¨hler metric. Then any lcK metric is gcK.
A second result gave an answer for Question 1.2 and it addressed the compatibility in a given
conformal class:
Theorem 1.5: ([IP, Theorem 1.3, Proposition 3.8], see also [AI03]) Let (M,J) be a compact com-
plex manifold. Then for any Hermitian metric, the conditions lcK and k-Gauduchon, respectively
balanced and k-Gauduchon are mutually incompatible in a given conformal class.
Finally, the only answers for Question 1.3 we are aware of refer either to the class of nilmanifolds
or are a generalization of Vaisman’s result.
Theorem 1.6: ([FV16, Theorem 1.1], [FV19, Theorem A]) If a compact nilmanifold Γ\G endowed
with a left-invariant structure J such that [g, g] + J [g, g] is abelian carries both a pluriclosed and a
balanced metric, then it is necessarily a complex torus.
Theorem 1.7: ([AU05, Theorem 2.5]) On a compact complex manifold endowed with a Ka¨hler
metric ω, any lcb metric with respect to the same complex structure is in fact gcb.
The aim of this paper is to give further partial answers to Question 1.2 and Question 1.3, by
checking the compatibility between two metrics of special type on a compact complex manifold
within the class of compact nilmanifolds, endowed with a left-invariant complex structure, as they
are a good ground for gaining more evidence towards formulating conjectures.
Section 2 presents the necessary background on nilmanifolds. In particular, it contains a short
proof of the characterization of left-invariant complex structures J on 2-step nilmanifolds with J-
invariant center. Section 3 discusses the k-Gauduchon condition on compact manifolds. On the way,
we obtain some formulae which will be essential in the proof of the results on nilmanifolds. Section
4 is devoted to complex nilmanifolds and contains our main results. It starts with Subsection 4.1
comprising results referring to the set of possible Lee forms on complex nilmanifolds, including a
technical lemma giving the explicit formula for the Lee form of any Hermitian metric on 2-step
complex nilmanifolds with left-invariant structures and complex invariant center. In Subsection
4.2 we give two constructions of complex nilmanifolds, the first one a family carrying an lcb metric
which is also pluriclosed, the second one a family endowed with both balanced and strictly lcb
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metrics. Finally, in Subsection 4.3 we show that compact complex nilmanifolds endowed with
(a) both a balanced and an lcK metric, or (b) both a left-invariant k-Gauduchon and an lcK
metric, or (c) a pluriclosed and an lcK metric, are necessarily complex tori. We end by showing
that a compact complex nilmanifold cannot be endowed with a left-invariant locally conformally
hyperKa¨hler structure.
Conventions: Throughout the paper we shall use the conventions from [Bes87, (2.1)] for the
complex structure J acting on complex forms on a manifold (M,J). Namely:
• Jα = iq−pα, for any α ∈ Λp,qC M , or equivalently, Jη(X1, . . . ,Xp) = (−1)
pη(JX1, . . . , JXp);
• the fundamental form of a Hermitian metric is given by ω(X,Y ) := g(JX, Y );
• the operator dc is defined as dc := −J−1dJ , where J−1 = (−1)deg αJ .
• The Lie form of a Hermitian metric ω is the trace of the torsion of the Chern connection
associated to ω, or equivalently given by θ = Jd∗ω, or by dωn−1 = θ ∧ ωn−1 (see [Gau84,
Eq. (15), (16)]).
2. Preliminaries
This section is devoted to reviewing several basic facts that we shall use repeatedly in this paper.
Definition 2.1: A nilmanifold Γ\G is a quotient of a simply connected nilpotent Lie group G by
a discrete subgroup Γ.
Definition 2.2: For a nilpotent Lie algebra g the following descending series
(2.1) C0g := g, Ci+1g := [Cig, g], i ≥ 0
is called the derived series and there exists k ≥ 1 such that Clg = 0, for any l ≥ k. We call k the
nilpotency step of g if Ck−1g 6= 0.
Definition 2.3: A differential object on M which is induced by projection from a left-invariant
differential object on G is called left-invariant.
Remark 2.4: We stress that the above is just a convenient name for the objects on M induced
form G: since G has a natural right action on M = Γ\G, but (in general) not a left one, these
left-invariant objects on M are are not invariant for the G-action.
Definition 2.5: A complex structure J on a Lie algebra g is an endomorphism of g with J2 = −idg,
satisfying
(2.2) J [X,Y ]− [JX, Y ]− [X,JY ]− J [JX, JY ] = 0,
for any X,Y ∈ g.
We note here that (2.2) is equivalent to the fact that g1,0, the i-eigenspace of J seen as as a
space of endomorphism of gC, is a complex subalgebra. Defining J on the tangent bundle TG by
means of left multiplications, we endow G with a complex structure, left-invariant by construction.
However, this does not make G a complex Lie group, since J is not necessarily right-invariant. If
this was the case, J would be a bi-invariant structure and g would be a complex Lie algebra, hence
the Lie bracket would be C-linear, meaning
(2.3) J [X,Y ] = [JX, Y ].
Equation (2.3) clearly implies (2.2).
Unlike complex structures, there is a bi-invariant object whose existence is always granted on
compact nilmanifolds by the following result:
Theorem 2.6: ([Mil76, Lemma 6.2]) Any simply connected Lie group which admits a discrete
subgroup with compact quotient is endowed with a bi-invariant volume form (that we denote dvol).
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We shall use the bi-invariant volume for proving the existence of several left-invariant objects
on nilmanifolds.
We claim that a 2-step nilmanifold with J-invariant center has very particular structure equa-
tions, which we now describe for later use. For the sake of completeness we include a proof of the
following result:
Proposition 2.7: A 2-step complex nilmanifold (Γ\G, J) with a left-invariant complex structure
J and J-invariant center has a (1, 0) co-frame {α1, ..., αn} satisfying the structure equations
(2.4)

dαi = 0, 1 ≤ i ≤ k,
dαi =
k∑
r,s=1
(
1
2
cirsαr ∧ αs + c
i
rsαr ∧ αs
)
, k < i ≤ n,
for some 1 ≤ k < n− 1 and constants cirs, c
i
rs ∈ C.
Proof. Since Γ\G is 2-step, [g, g] is included in c := {X ∈ g | [X, g] = 0}, the center of g. Therefore,
t := g/c is an abelian Lie algebra and moreover is endowed with a complex structure, since, by
hypothesis, J descends to the quotient. Consequently, as vector spaces only, we have the splitting
g1,0 = t1,0 ⊕ c1,0.
Let now 0 6= k := dimC t
1,0 and consider {X1, . . . ,Xn} a basis for g
1,0 such that {X1, . . . ,Xk}
is a basis for t1,0 and {Xk+1, . . . ,Xn} a basis for c
1,0. Since t1,0 is an abelian Lie algebra, we have
for any 1 ≤ r, s ≤ k:
[Xr,Xs] = −
n∑
i=k+1
1
2c
i
rsXi
[Xr,Xs] = −
n∑
k+1
cirsXi + c
i
srX i.
(2.5)
Taking now the dual co-frame {α1, . . . , αn} of {X1, . . . ,Xn}, we see that (2.5) implies (2.4). In par-
ticular, this shows that Γ\G is a holomorphic principal torus bundle over a real torus of dimension
dimRg− dimRc.
Remark 2.8: Note that, in the above case, the co-frame {α1, . . . , αn} of g
1,0 has the property
that dαi belongs to Λ
2〈α1, . . . , αi−1, α1, . . . , αi−1〉, the ideal generated in g
C by {α1, . . . , αi−1}, for
1 ≤ i ≤ dimC g
1,0. This is equivalent to J being nilpotent (see [CFG86], [CFGU97, Theorem 2]),
where this is defined as:
Definition 2.9: A complex structure J on a nilpotent Lie algebra g is called nilpotent if the
ascending series {gJi }i≥0 given by
(2.6) gJ0 = 0, g
J
i = {X ∈ g | [J
kX, g] ⊆ gJi−1, k ∈ {0, 1}}
has the property that gJl = g, for some l > 0.
Remark 2.10: When the complex structure J is bi-invariant, then cirs = 0, for any 1 ≤ r, s ≤
k and k + 1 ≤ i ≤ n. Indeed, by using (2.3), we can easily see by direct computation that
dαi(X − iJX, Y + iJY ) = 0, for any real left-invariant vector fields X and Y . As a matter of
fact, this argument shows that in general, on a nilmanifold endowed with a bi-invariant structure,
d(Λ1,0) ⊆ Λ2,0. Moreover, in this case, J is automatically nilpotent by Definition 2.9 and (2.3),
and there exists a co-frame {α1, . . . , αn} such that dαi ∈ 〈α1, . . . , αi−1〉 (see Remark 2.8). If the
complex structure J is abelian, meaning that [JX, JY ] = [X,Y ], for any X,Y ∈ g, then again
by straightforward computation, we obtain cirs = 0. We conclude that J cannot be abelian and
bi-invariant at the same time, unless g is a complex abelian Lie algebra.
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3. k-Gauduchon metrics
We begin by noticing that in the case of complex surfaces, the notion of k-Gauduchon metric
makes sense only for k = 1 and in this case, it is precisely a Gauduchon metric, coinciding also with
the definion of pluriclosed. Therefore they always exist and are unique up to scalar multiplication
in a given conformal class.
Proposition 3.1: Let (M,J) be a compact complex manifold of complex dimension n > 2 and ω
a Hermitian metric. Then:
i) ω is k-Gauduchon for any 1 ≤ k ≤ n− 1 if and only if
(3.1) (n − k − 1)dJdω ∧ ωn−2 = −(k − 1)d ⋆ θ,
where ⋆ is the Hodge operator.
ii) If ω is k1-Gauduchon and k2-Gauduchon for some 1 ≤ k1 6= k2 ≤ n − 1, then ω is k-
Gauduchon, for any 1 ≤ k ≤ n− 1 (in particular, it is Gauduchon).
Proof. i) The metric ω is k-Gauduchon if and only if:
0 = ddcωk ∧ ω(n−k−1) = dJd(ωk) ∧ ωn−k−1
= kdJ(dω ∧ ωk−1) ∧ ωn−k−1 = kd(Jdω ∧ ωk−1) ∧ ωn−k−1
= kdJdω ∧ ωk−1 ∧ ωn−k−1 − k(k − 1)Jdω ∧ dω ∧ ωk−2 ∧ ωn−k−1
= kdJdω ∧ ωn−2 − k(k − 1)Jdω ∧ dω ∧ ωn−3,
(3.2)
thus
(3.3) dJdω ∧ ωn−2 =
k − 1
n− 2
Jdω ∧ d(ωn−2),
which gives:
dJdω ∧ ωn−2 =
k − 1
n− 2
(
dJdω ∧ ωn−2 − d(Jdω ∧ ωn−2)
)
,
and furthermore,
(n− k − 1)dJdω ∧ ωn−1 = −(k − 1)dJdωn−1.
Now, since dωn−1 = θ ∧ ωn−1 and ⋆θ = Jθ∧Ω
n−1
(n−1)! (see [Gau84, Eq. (46)]), we conclude this is
equivalent to
(n − k − 1)dJdω ∧ ωn−2 = −(k − 1)d ⋆ θ.
In particular, if ω is k-Gauduchon with k 6= n− 1, then:
(3.4)
∫
M
ddcω ∧ ωn−2 = 0,
as k 6= n− 1.
ii) If ω is k1 and k2-Gauduchon, from (3.3) we get
dJdω ∧ ωn−2 =
k1 − 1
n− 2
Jdω ∧ d(ωn−2) =
k2 − 1
n− 2
Jdω ∧ d(ωn−2).
Note that (3.3) holds also for k = n− 1. Now, since k1 6= k2,
dJdω ∧ ωn−2 = Jdω ∧ d(ωn−2) = 0,
and, for any 1 ≤ k < n− 1, using (3.2),
0 = kdJdω ∧ ωn−2 − k(k − 1)Jdω ∧ dω ∧ ωn−3 = ddcωk ∧ ωn−k−1
i.e. ω is k-Gauduchon. Moreover, dJdωn−1 = dJdω ∧ ωn−2 − (n − 2)Jdω ∧ ωn−2 = 0, hence ω is
also Gauduchon.
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4. Non-Ka¨hler structures on nilmanifolds
4.1. Lee forms on nilmanifolds.
Many of the special properties of a Hermitian metric are encoded in its Lee form. It is an
open problem in general to determine the subspace of 1-forms which can be Lee forms for some
Hermitian metric on a compact complex manifold. In what follows we give a technical lemma
computing any possible Lee form on a special type of 2-step nilmanifolds and continue with some
general restrictions on any kind of nilmanifolds.
The following result of Michelson (see [Mic82, Lemma 4.8]) will be useful:
Proposition 4.1: Let ω˜ be an (n − 1, n − 1) positive form, then there exists a unique positive
(1, 1)-form ω such that ωn−1 = ω˜.
In the light of this result, we shall produce balanced (or lcb) metrics by constructing closed
(n − 1, n − 1) positive forms ω˜ (or satisfying dω˜ = θ ∧ ω˜ for a closed one-form θ), rather than
considering the metric itself. Note that if ω˜ is invariant, ω also turns out to be invariant by the
proof of Proposition 4.1. In general, we shall represent any real (n− 1, n − 1) form as
ω˜ = in−1
n∑
i,j=1
aijmij
where
mij = α1 ∧ α1 ∧ ... ∧ α̂i ∧ αi ∧ ... ∧ αj ∧ α̂j ∧ ... ∧ αn ∧ αn.
where aij = −aji, for any 1 ≤ i 6= j ≤ n and aii = aii, for any 1 ≤ i ≤ n. The positivity of ω˜ is
equivalent to the positive definiteness of the matrix A˜, where
A˜ij =
{
aij , if i ≤ j,
−aij, if i > j.
Indeed, this follows from the fact that with respect to the standard metric g0 := i
∑n
i=1 αi ∧αi, we
have
∗g0 ω˜ =
n∑
i,j=1
A˜ijαi ∧ αj,
and this has to be a positive (1, 1)-form (see [D12, Chapter III]). In general, an (n− 1, n− 1)-form
η is positive if and only if ∗gη is positive for any Hermitian metric g.
The following lemma gives an explicit formula for the Lee form of any Hermitian metric on
a 2-step complex nilmanifold endowed with a left-invariant complex structure with J-invariant
center.
Lemma 4.2: Let (M = Γ\G, J) be a 2-step complex nilmanifold with left-invariant J and J-
invariant center and ω˜ = in−1
n∑
i,j=1
aijmij an (n− 1, n− 1) positive form on M , as described above.
The Lee form of the metric ω with ωn−1 = ω˜ is given by
(4.1) θ =
n∑
i=1
ai(αi + αi),
with ai uniquely determined by:
(4.2) A˜ · (a1, ..., an)
t = b,
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where b ∈ Cn,
bl =

k∑
i,j=1
A˜ijc
l
ij
, if l > k,
0, if l ≤ k.
Moreover, θ is closed (hence, ω is lcb) when
n∑
i=k+1
aic
i
rs = 0 and
n∑
i=k+1
ai(c
i
rs − c
i
sr) = 0 for all
1 ≤ r, s ≤ k. In particular, ω is balanced if and only if b = 0.
Proof. This is shown by straightforward computation using the description of the structure equa-
tions given by Proposition 2.7 and dω˜ = θ ∧ ω˜n−1.
Let us define the following subspace of left-invariant 1-forms:
lee := {θ ∈ g∗ | ∃ω left-invariant metric, θ = Jd∗ω}.
The following results give some restrictions on the subspace lee.
Proposition 4.3: Let (Γ\G, J) be a complex compact nilmanifold with left-invariant J . Denote
by h the subspace of g1,0 generated by closed forms. Then h ∩ lee is at most {0}.
Proof. Let h be generated by α1, . . . , αk. In the case there exists θ =
∑k
i=1(riαi + riαi) ∈ h ∩ lee,
then notice that since dαi = 0, for any 1 ≤ i ≤ k, dJθ = 0. If ω was a Hermitian metric such that
θ = Jd∗ω, then dωn−1 = θ ∧ ωn−1, then, by Stokes and [Gau84, Rel. (46)]:
(4.3) 0 =
∫
M
dJθ ∧ ωn−1 =
∫
M
Jθ ∧ θ ∧ ωn−1 = −(n− 1)!
∫
M
||θ||2dvolg,
hence θ = 0.
Proposition 4.4: Let (Γ\G, J) be a complex compact nilmanifold with left-invariant nilpotent J .
The following are equivalent:
(1) any (n− 1, n − 1)-form is closed;
(2) dΛ1,0 ⊆ Λ2,0;
(3) J is bi-invariant.
In particular, in any of the above equivalent situations, lee = 0, therefore any Hermitian metric is
balanced.
Proof. Since J is nilpotent, there exists a co-frame of g1,0 such that
(4.4) dαl =
l−1∑
i,j=1
1
2
clijαi ∧ αj + c
l
ij
αi ∧ αj, 1 ≤ l ≤ n.
(1)⇔ (2) This is immediate by the following equalities:
(4.5) dmij =
n∑
l>j
cl
ij
ml + c
l
ji
ml, 1 ≤ i < j ≤ n,
(4.6) dmii =
n∑
l>i
cl
ii
ml, 1 ≤ i ≤ n.
Therefore, any cl
ij
= 0, i 6= j, l > max(i, j) is equivalent to dΛ1,0 ⊆ Λ2,0 and to the closedness of
any (n− 1, n− 1)-form.
(2)⇔ (3) This is clear by equation (2.3) and statement (2) being equivalent to α(X − iJX, Y +
iJY ), for any left-invariant X and Y and any (1, 0)-form α.
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4.2. Compatibility results.
Contrary to the expectation that, generally, two special conditions imposed to the same Her-
mitian metric imply Ka¨hlerianity, we show this is not the case. We can give now the announced
examples.
4.2.1. Pluriclosed and locally conformally balanced. We first give an example in any complex di-
mension of a family of 2-step complex nilmanifolds endowed with a metric satisfying simultaneously
the pluriclosed and the locally conformally balanced condition.
Example 4.5: Let q ∈ Q∗ and define (g, J) the real Lie algebra endowed with a complex structure
J given by the (1, 0) co-frame {α1, . . . , αn} which satisfies the structure equations:
(4.7)
{
dαk = 0, 1 ≤ k ≤ n− 1,
dαn = qα1 ∧ α1.
By a classical result of Cartan (see e.g. [S65, Page 152]), there exists a simply connected Lie
group G with Lie algebra g on which we extend J to a left-invariant complex structure. Using
now a theorem of Malcev ([Ma62]), since the structures equations of G are rational, there exists
a discrete subgroup Γ such that Γ\G is compact. Therefore, g is the Lie algebra of a compact
complex nilmanifold.
We claim that
ω :=
n∑
j=1
iαj ∧ αj
is both pluriclosed and lcb on Γ\G. Indeed, using (4.7), we get by straightforward computation
that ddcω = iddc(αn ∧αn) = 0. Moreover, by (4.2) its Lee form is θ = q(αn+αn), which is closed,
hence ω is also lcb.
4.2.2. Balanced and locally conformally balanced. We next present an example of a compact com-
plex nilmanifold carrying both a balanced and a strictly lcb metric, thus disproving the natural
analogue of Vaisman’s theorem for the balanced setting. Before giving the construction, we need
the following result:
Proposition 4.6: Let M = Γ\G be a compact complex nilmanifold endowed with a left-invariant
complex structure J . If it admits two left-invariant lcb metrics ω1 and ω2 such that their Lee forms
θ1 and θ2 are different, then the metrics are not conformal.
Proof. We notice first that θ1 and θ2 are left-invariant. Indeed, this follows form the fact that the
Lee form θ of metric ω is uniquely determined by:
(4.8) θ = Jd∗ω,
where d∗ is the adjoint of d with respect to ω, therefore the left-invariance is inherited from ω. If
θ1 − θ2 = df , then df would be a left-invariant one-form. However, for any left-invariant field X,
we have
X(f) = df(X) = θ(X) ∈ R,
hence ∫
M
X(f) dvol =
∫
M
LX(f dvol) =
∫
M
diX(f dvol) = 0,
where dvol is a bi-invariant volume form. Therefore, X(f) = 0 for all left-invariant vector fields,
i.e. f is constant, which is false.
Example 4.7: As before, we consider a 2-step nilmanifoldM = Γ\G of complex dimension n ≥ 3,
whose Lie algebra g is given by the following structure equations:
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
dαi = 0, 1 ≤ i ≤ n− 1,
dαn =
n−1∑
r=1
cnrrαr ∧ αr,
where cnrr ∈ Q, c
n
rr > 0, for all 1 ≤ r ≤ n− 2 and c
n
n−1n−1
< 0 such that
∑n−1
r=1 c
n
rr 6= 0. Then
ω1 := i
n∑
i=1
αi ∧ αi
is an lcb metric by Lemma 4.2. Its Lee form is
θ = (
n−1∑
r=1
cnrr)(αn + αn),
which is not exact by Proposition 4.6.
To construct a balanced metric, choose (aij)1≤i,j≤n such that
aij = 0, for all 1 ≤ i 6= j ≤ n,
aii > 0, for all 1 ≤ i ≤ n,
an−1n−1 = −
∑n−2
r=1 arrc
n
rr
cn
n−1n−1
.
One can check that equations (4.2) are satisfied, the (n − 1, n − 1)-form
ω˜ := in−1
n∑
i=1
aiimii
is positive, hence, by Lemma 4.2, it gives a balanced metric onM . Note that ω1 constructed above
is not an lcK metric, by a result we shall prove in the sequel (see Theorem 4.8).
4.3. Incompatiblity results.
4.3.1. Balanced versus lcK.
Theorem 4.8: Let M be a compact complex nilmanifold endowed with a left-invariant complex
structure J . If it carries an lcK metric ω1 and a balanced metric ω2, both of them compatible with
the complex structure J , then (M,J) is a complex torus.
Proof. Assume M is not a complex torus. Following the averaging procedure presented in [Bel00,
Theorem 7], it was shown in [FG04, Theorem 2.2] that there also exists a left-invariant balanced
metric ω2. Then, using the structure theorem of [S07], (M,J) is biholomorphic to a quotient of
(H(n − 1)× R, J0), where H(n− 1) is the real Heisenberg group, thus its Lie algebra hn−1 × R is
generated by
(4.9) {Xi, Yi, Z,A} with [Xi, Yi] = Z, JXi = Yi and JA = Z, 1 ≤ i ≤ n− 1,
therefore
(4.10) dxi = dyi = dα = 0 and dz = −
n−1∑
i=1
xi ∧ yi,
where {xi, yi, z, α} is the corresponding co-frame.
Since ω2 is (1, 1) and positive, ω
n−1
2 is a positive (n− 1, n − 1) form (see [D12, p. 131]),
ωn−12 (X1, Y1, ..., X̂i, Yi, ...,Xn−1, Yn−1, A, Z) = Ci > 0.
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Consequently, using (4.10), all terms in ωn−12 apart from those of type
Cix1 ∧ y1 ∧ ... ∧ x̂i ∧ yi ∧ ... ∧ xn−1 ∧ yn−1 ∧ α ∧ z
are closed, thus
dωn−12 = −(
n−1∑
i=1
Ci)x1 ∧ y1 ∧ ... ∧ xn−1 ∧ yn−1 ∧ α 6= 0,
a contradiction.
4.3.2. k-Gauduchon versus lcK. We need the following characterization of k-Gauduchon metrics:
Lemma 4.9: (cf. [LU17, Proposition 2.2]) Let M be a compact complex nilmanifold of complex
dimension n with a left-invariant complex structure J and a left-invariant Hermitian metric ω.
Then ω is k-Gauduchon for some 1 ≤ k < n− 1 if and only if it is 1-Gauduchon.
Proof. We use the fact that, on a nilmanifold, a left-invariant 2n-form η is a multiple of the volume
form, so
η = 0 ⇐⇒
∫
M
η = 0.
With the above equivalence and from (3.2), (3.3) and (3.4), we have
ω is k −Gauduchon ⇐⇒
∫
M
ddcω ∧ ωn−2 = 0, ⇐⇒ ω is 1−Gauduchon.
Theorem 4.10: Let M be a compact complex nilmanifold endowed with a left-invariant complex
structure J . If it carries an lcK metric ω1 and an invariant k-Gauduchon metric ω2, for some
1 ≤ k < n − 1, both of them compatible with the complex structure J , then (M,J) is a complex
torus.
Proof. Assume M is not a complex torus. Then, using the structure theorem of [S07] as in
Theorem 4.8, (M,J) has the same Lie algebra structure.
Since ω2 is of type (1, 1),
ω2 =
n−1∑
i,j=1
Ai,j(xi ∧ xj + yi ∧ yj) +
n−1∑
i,j=1
Bi,j(xi ∧ yj − yi ∧ xj)
+
n−1∑
i=1
Ci(xi ∧ α+ yi ∧ z) +
n−1∑
i=1
Di(xi ∧ z − yi ∧ α)
+ Eα ∧ z.
Notice that, since ω2 is positive, E = ω2(A,Z) > 0 and, as before, since ω
n−2
2 is a positive
(n− 2, n − 2) form,
ωn−22 (X1, Y1, ..., X̂i, Yi, ..., ..., X̂j , Yj , ...,Xn−1, Yn−1, A, Z) = Ci,j > 0.
We first compute
ddcω2 ∧ ω
n−2
2 = dJdω2 ∧ ω
n−2
2
= E
n−1∑
i,j=1
xi ∧ yi ∧ xj ∧ yj ∧ ω
n−2
2
= E(
n−1∑
i,j=1
Ci,j) dvol .
(4.11)
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Now, since ω2 is k-Gauduchon, by Lemma 4.9, it is 1-Gauduchon, therefore
0 = ddcω2 ∧ ω
n−2
2 = E
( n−1∑
i,j=1
Ci,j
)
dvol 6= 0,
a contradiction.
Corollary 4.11: Let M be a compact complex nilmanifold endowed with a left-invariant complex
structure J . If it carries an lcK metric ω1 and a pluriclosed metric ω2, both of them compatible
with the complex structure J , then (M,J) is a complex torus.
Proof. One can again use an averaging procedure for ω2 to obtain an invariant pluriclosed metric
ω2 (see [U07, Proposition 21]).
Remark 4.12: The balanced and k-Gauduchon conditions are however compatible on the same
nilmanifold, as long as they are not imposed to the same metric. In [LU17] a family of compact
complex nilmanifolds carrying both a balanced and an astheno-Ka¨hler metric (which is also k-
Gauduchon) is constructed (see [LU17, Theorem 2.4]). See another explicit example of such a
phenomenon on a complex nilmanifold of dimension 4 in [FU11, Proposition 4.8, Corollary 4.10].
4.3.3. Locally conformally hyperKa¨hler structures versus left-invariance. We start with the follow-
ing general statement concerning lcK complex nilmanifolds:
Theorem 4.13: On a compact complex nilmanifold (M = Γ\G, J) with left-invariant J , there
exists no left-invariant non-degenerate (2, 0)-form ω such that dω = θ∧ω, where θ is the Lee form
of a left-invariant lcK metric.
Proof. In order to prove this, we use again Sawai’s description given by (4.9) and (4.10). The
corresponding co-frame of g1,0 is given by:
(4.12)

dαi = 0, 1 ≤ i ≤ 2m− 1,
dα2m =
1
2
2m−1∑
i=1
αi ∧ αi
Let
L(M,J) := {θ | there exists ω left-invariant and lcK: dω = θ ∧ ω}
be the space of those 1-forms which can be Lee forms of an lcK metric. Since by (4.8), the Lee
form θ of a left-invariant lcK metric is left-invariant, we claim that:
(4.13) L(M,J) = {tβ2m + t1β1 + . . . t2m−1β2m−1 | t > 0, ti ∈ R, βi := αi + αi},
This is a consequence of the fact the positive (1, 1)-form
ω0 :=
∑
m
β2m ∧ Jβ2m − dJβ2m
is a Vaisman metric with Lee form β2m (see [S07]) and by the following result of Tsukada:
Theorem 4.14: ([T94, Theorem 5.1]) Let (M,J, g) be a compact Vaisman manifold and θ0 the
the Lee form of g. The set of possible cohomology classes of Lee forms for lcK metrics is:
(4.14) Lee(M,J) := {t[θ0] +H | t > 0},
where H := {[η] | η = Re γ, γ holomorphic 1−form, dη = 0} ⊆ H1dR(M).
Let now ω be a non-degenerate (2, 0)-form such that dω = θ ∧ ω, with
θ = tβ2m + t1β1 + . . . t2m−1β2m−1, t > 0.
Then ω =
∑
i<j Aijαi ∧ αj , with Aij ∈ C.
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By (4.12), we thus obtain
(4.15) dω =
2m−1∑
i 6=j=1
Ai2mαi ∧ αj ∧ αj = θ ∧
∑
i<j
Aijαi ∧ αj .
Since ω is non-degenerate, there exists an index 1 ≤ i0 ≤ 2m − 1 such that Ai02m 6= 0. As
t > 0, in the right hand side term the monomial α2m ∧ αi0 ∧α2m appears with positive coefficient,
whereas in the left hand side it does not and the claim is proved.
Recall now that a hyperHermitian manifold (M,g, I, J,K) is locally conformally hyperKa¨hler
(lchK) if g is locally conformal to a hyperka¨hler metric. The metric g is then lcK w.r.t. to all of
I, J,K, with the same Lee form: denoting with ωI (respectively ωJ , ωK) the fundamental form
asssociated to the Hermitian structure (g, I) (respectively (g, J), (g,K)), we then have dωI = θ∧ωI,
dωJ = θ ∧ ωJ , and dωK = θ ∧ ωK . If M is compact, such a metric is necessarily Vaisman (see
[OO19] for an alternative characterization).
We prove that the locally conformally hyperKa¨hler condition is incompatible with left-invariance.
Indeed, an lchK structure with left-invariant structures I1, I2, I3 would imply the existence of the
left-invariant (2, 0)-form ω˜ := ω2+iω3, with respect to I, and moreover it would satisfy dω˜ = θ∧ ω˜,
which is impossible. We thus have:
Corollary 4.15: Let Γ\G be a compact nilmanifold and g a left-invariant metric. There are no
left-invariant complex structures I, J,K such that g becomes lchK with respect to them.
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